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A number of authors (Cohen [2], Pinkham [ 5 ], Raimi [ 6 ], and Rajagopal 
et. al. [ 71) have studied the phenomenon that for many sequences of integers, 
the asymptotic frequency that the first digit ( [x/lOk 1, where k = ]log,,,x]) is 
given by the digit p is equal to log,,(l + (l/p)) for p E i/ E {I, 2...., 9}. As 
an example we shall summarize the results of Cohen [ 21. 
For any k E It E the set of positive integers, let S(k) denote the set of 
positive integers beginning with k, i.e., 
S(k) = {n: k = [n/lO’J for some r E I’ }. 
where [x] denotes the greatest integer less than or equal to X. 
Consider some finitely additive extension of the density function 
d(S) = JirlJ / s n [ 1, N] l/N. 
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where S G I+ and JSI denotes the cardinality of S. If d(k) = d(S(k)) is 
defined for all positive integers k, and if the mapping T that maps S into 
(2s) U (2s + 1) preserves the density d, then the result of Cohen is that 
d(P) = l%,ll(l + (l/P)) for pE2’. 
The crucial step here is the specific relation of the transformation T to the 
multiplication of the elements of S by 2. This motivates us to consider the 
following problem: Set b = 10 and let a E 9 ’ be a positive real number. Let 
13(x) = ax, where x E 9 + , and consider the sequence p = (p, , pz,...) of first 
digits of the orbit of 8: {x, f?(x), B’(x),...}. That is 
pk = [@(x)/b’] E 2, where r = p0g,,ek(x)j. 
The purpose of this paper is to investigate the dynamical properties of the 
sequence p. 
First, because the first digit does not depend on the position of the decimal 
point, without loss of generality, we may suppose that x and a are in 
X = [ l,b) and replace 8 by the map r it induces on X, namely, r(x) = ax on 
[ 1, b/u) and r(x) = ax/b on [b/u, b). The key point is to consider the map 
4(x) = log,x which maps X onto the space Y = [0, 1). In this new “basis,” r 
becomes 7((y) = @(r@-‘(y))). If we set a = log,u, then it is easily verified 
that s”(y) = y + a (mod 1). If a is irrational, then this is the well-known 
irrational rotation of the circle which is an ergodic measure-preserving (with 
respect to Lebesgue measure A) transformation with discrete spectrum. Thus 
the sequence p is a realization of a stationary process and the ergodic 
theorem (which holds everywhere in this case) says that the density 
d(p)= ii”, ((k:p,=p}n [l,NlI/N 
exists, and is equal to A(#[p, p + 1)) = log,(l + (l/p)). 
This is in fact the simplest example of an ergodic measure-preserving 
transformation on an infinite space. Transformations of this type tend to 
exhibit a nearly periodic behavior. This is in marked contrast to the behavior 
of a stationary Markov chain. 
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FIGURE 2 
We note that since ? has zero entropy, the sequence p would not be a good 
sequence to use to generate random numbers which should have large 
entropy. 
We remark that constructing a transformation Q as above is 
mathematically equivalent to finding an invariant measure ~(4) = A(#@ )) 
for the transformation r. That is, instead of considering the measure- 
preserving (with respect to A) transformation 5; we could have considered the 
invariant (with respect to r) probability measure d&u) = (x In b) ’ d.u. In 
Figs. 1 and 2, this approach will be useful. In Fig. 2 for example, the interval 
[ 2,4) and the interval [ 1,2) have the same p-measure. 
Recently Rajagopal et al. [7] have considered strings of first digits. We 
illustrate their ideas with the example where a = 2 and b = 10. They 
observed that the first digits of powers of two occurred only in the following 
strings: (1, 2,4, 8), (1, 2,4,9), (1, 2, 5), (1, 3,6) and (1, 3. 7). They hoped to 
improve the randomness properties of the digits by considering these strings. 
As we shall now show, they were constructing induced transformations. Let 
A be any subset of X of positive ,D measure, but for the above example we 
will take A = ] 1, 2). Let A, = A n (‘-);:r ?(A’), r”(A) be the set of points 
which return to A for the first time in n steps. Then we may picture X and r 
as in Fig. 1. They represent a partition of X. A point .Y E A is mapped 
iteratively onto the point of the line segment above it, until there is no line 
above it. Then it returns to A at a point rA(x). Here r,{. called the induced 
transformation, was introduced by Kakutani ]4]. The example with 
A = [ 1, 2) is shown in Fig. 2 (not drawn to scale). In Fig. 2 we have also 
plotted the digits and the points below them. They partition A into the sets 
]I, 1.125). ] 1.125, 1.25), [1.25, 1.5) ] 1.5, 1.75). ] 1.75, 2). It is clear that a 
point x is in one of the sets if and only if its first digit is followed by one of 
the strings in the above paragraph. Thus by considering strings, they are 
really replacing T by its induced transformation rd. As proved by Abramov 
Ill? SA will have entropy 0, whenever t does. However, Friedman and 
Ornstein ]3 ] have shown that A can be taken so that r, is strongly mixing. 
In conclusion, we have shown in this paper that the peculiar statistical 
distribution of the first digits as well as that of strings generated by powers 
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of numbers (be they 2”, 3” ,..., e”, z”, etc.) can all be deduced from ergodic 
theory by making use of ergodic measure-preserving transformations and 
induced transformations on suitable open intervals, respectively. 
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